The main object of the paper is to introduce Banach-space-valued difference sequence spaces ∞(X, ∆), c(X, ∆), and c0(X, ∆) as a generalization of the well-known difference sequence spaces of Kizmaz. We obtain a set of sufficient conditions for (A k ) ∈ E β (X, ∆), where E ∈ { ∞, c, c0} and (A k ) is a sequence of linear operators from a Banach space X into another Banach space Y. Necessary conditions for (A k ) ∈ E β (X, ∆) are also investigated.
Introduction and Background
Let X and Y be Banach spaces with zero element θ and · denote the norm either in X or in Y. Let B(X, Y ) be the Banach space of bounded linear operators on X into Y with the ordinary operator norm and let S = x ∈ X : x ≤ 1 be a closed unit sphere in X. By s(X) we mean the space of all X -valued sequences x = (x k ), where x k ∈ X for each k ∈ N and N is the set of positive integers. For X = C, the space of complex numbers, s(X) reduces to the space of all scalar sequences s. By ∞ (X), c(X), and c 0 (X) we denote the Banach spaces of bounded, convergent, and null X -valued sequences, respectively, normed by x ∞ = sup k x k . Let A = (A k ) denote a sequence of linear but not necessarily bounded operators on X into Y. If E is any nonempty subset of s(X), then the α-and β -duals of E are defined by Maddox as follows [11] :
All sums without limits are taken from k = 1 to k = ∞. Since Y is complete, we have E α ⊂ E β . The α-and β -duals of E may be regarded as generalized Köthe-Toeplitz duals, since in the case X = Y = C, when (A k ) can be identified with complex numbers a k , the duals are reduced to the classical spaces first considered by Köthe and Toeplitz (see, e.g., [8] ). Maddox [11] determined the Köthe-Toeplitz duals in the operator case for the sequence spaces ∞ (X), c(X), and c 0 (X). The results reveal the gap between the operator case and the ordinary scalar case. Thus, in the scalar 1 Kurukshetra University, Kurukshetra, India. However, as far as α-duals are concerned, Maddox [11] showed that
which is natural extension of the scalar case where α ∞ = c α = c α 0 = 1 . Inspired by the work of Maddox, many mathematicians have contributed in the determination of generalized Köthe-Toeplitz duals for various vector-valued sequence spaces (see, e.g., [14, 16, 17] , where many more references can be found).
The concept of difference sequence spaces was introduced by Kizmaz [9] as follows:
where E ∈ { ∞ , c, c 0 } and ∆x k = x k − x k+1 for all k ∈ N. For the detailed analysis of difference sequence spaces, the reader is referred to [1-7, 9, 12, 13] . It is well known [3, 4, 6, 9, 13] that
where The main aim of the present paper is to introduce the Banach-space-valued difference sequence spaces ∞ (X, ∆), c(X, ∆), and c 0 (X, ∆) as a generalization of the classical difference sequence spaces of Kizmaz. We obtain a set of sufficient conditions for (A k ) ∈ E β (X, ∆), where E ∈ { ∞ , c, c 0 }. The necessary conditions for (A k ) ∈ E β (X, ∆) are investigated.
